On the origin of brane cosmological constant in two-brane 

warped geometry model 



Sayantani Lahirfl 
Relativity and Cosmology Centre 
Department of Physics 
I Jadavpur University 

Raja Subodh Chandra Mullick Road 
^ ■ Jadavpur 
^ ; Kolkata- 700032, India 

I 

Department of Theoretical Physics 
Indian Association for the Cultivation of Science 
. . 2A and 2B Raja S. C. Mallick Road, Jadavpur 

Kolkata - 700 032, India 



■ Abstract 

OO I In the backdrop of generalised Randall- Sundrum braneworld scenario, we look for the possible 

origin of an effective four dimensional cosmological constant {0,ms) on the visible 3-brane due to 
^ ■ the effects of bulk curvature and the modulus field that can either be a constant or dependent on 
i extra dimensional co-ordinate y or a time dependent quantity. In case of constant or y dependent 
CN modulus field, the induced iJ.ms leads to an exponentially expanding Universe. For such modulus 

fields the presence of vacuum energy densities on either of the 3-branes as well as a non-vanishing 
bulk curvature / (/ As"^) are essential to generate an effective ^vis- In particular for constant 
^ I modulus field the Hubble constant turns out to be equal to the visible brane cosmological constant 
^ ■ which agrees with the present result. In an alternative scenario, a time dependent modulus field is 
- - - found to be capable of accelerating the Universe. The Hubble parameter in this case is determined 
for a slowly time-varying modulus field. 
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1 Introduction 



The introduction of extra dimensions to four dimensional spacetime dates back to early twentieth 
century when Kaluza and Klein tried to unify gravity and electromagnetic theory in the presence 
of an extra spatial dimension. In recent times with the advent of String theory this concept once 
again witnessed revival. Moreover, our inability to explain many problems in Particle physics and 
Cosmology has stimulated widespread interests for exploring higher dimensional theories in recent 
times. To start with, the Standard model of Particle physics suffers from a discrepancy known as 
Higgs mass hierarchy problem or alternatively gauge hierarchy problem [1]. The Higgs boson receives 
quantum corrections from higher order self energy corrections typically of the order of Planck energy 
scale, but to obtain a theoretical predicted value of Higgs mass (of the order of 100 GeV), an extreme 
fine tuning is necessary, often called the naturalness problem. One therefore needs to look beyond 
the Standard model to seek a possible explanation to this fine tuning condition. There also exists 
another fine-tuning known as cosmological constant problem which relates with the mismatch between 
observed and theoretically estimated values of cosmological constant and needs to be resolved. Extra 
dimensional theories offer possible solutions to these problems and address many more which include 
various phenomenological and cosmological issues including the existence of dark energy, inflation, 
CMB anisotropics etc. 

Typically in a braneworld model, the branes are hypersurfaces embedded in a higher dimensional 
bulk. All standard model particles are conflned to the branes while gravity is allowed to propagate 
everywhere including in higher dimensions. Among various extra dimensional models, the warped 
geometry model assumes that the extra dimensions are compactified on a closed path and their sizes 
are required to be extremely small (Planck length ~ 10~^^ cm) such that no intermediate scale enters 
in the theory. On the contrary the large extra dimensional models like ADD model [2j tries to solve 
the naturalness problem by lowering the higher dimensional Planck scale to TeV scale with the help 
of two flat and compact extra dimensions whose sizes are quite large compared to the Planck length. 

In this work we focus our attention to the well known warped geometry model proposed by Ran- 
dall and Sundrum (RS) [3] and it's subsequent generalization to include non-flat 3-branes The 
Randall Sundrum model consisting of two symmetric 3-branes embedded in a five dimensional AdS 
bulk offers a possible solution to the gauge hierarchy problem by exponentially suppressing mass of 
Higgs boson and it's vev on TeV brane. The naturalness problem can be avoided in this scenario 
without invoking any intermediate scale in the theory. In this model, the effect of bulk cosmological 
constant is exactly counterbalanced by the brane tensions leading to zero brane cosmological constant 
and therefore the 3-branes are flat and static [3j. So far various applications of RS model in the 
cosmology/phenomenological issues of Particle physics and String theory have been explored OE]. 

The flat brane RS model described above was generalised [4j to include 3-branes which possess a 
net induced non-zero cosmological constant. We try to investigate the possible origin of this 3-brane 
cosmological constant by analysing the effective gravity models derived by embedding 3-branes at 
orbifold flxed points in a bulk spacetime [7J in presence of bulk cosmological constant and a modulus 
field which can be constant, time dependent or extra dimensional co-ordinate dependent. 
In section [2] and in section EJ we briefly discuss the works by Shiromizu et.al [7] and the generalised 
Randall Sundrum model [3] . In section U the induced cosmological constant in the presence of a 
constant radion field, leading to an exponentially expanding Universe, has been shown to emerge 
due to the presence of both brane matter as well as bulk curvature. The Hubble parameter on the 
visible brane is determined in this case. It is shown to be proportional to the induced visible brane 
cosmological constant which agrees with the present results without any fine tuning. In section [5l we 
incorporate extra-dimensional coordinate (y) dependence in the modulus field called radion and once 
again try to generate an effective cosmological constant on the Universe located on the visible brane 
(y = rvr). An exponential solution of the scale factor is also found in this case and we have further 
examined the origin of visible brane cosmological constant. It is to be noted that many results of these 
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two sections are similar in nature. Finally in section [6l we find that a time dependent radion field can 
be responsible for an accelerated expanding phase of our Universe even in absence of any brane matter. 
For a slowly time varying radion field, we determine the exact solution of Hubble's expansion of the 
Universe. Such a scenario indicates that a slowly time evolving inter-brane separation (modulus) may 
result into an effective accelerating scale factor of our 3-brane Universe. 



2 Low energy effective Einstein's equation in the pres- 
ence of two branes 

In this section we review the analysis done in [7J. Let us consider a system of two 3-branes placed at 
the orbifold fixed points and embedded in the bulk which is a five dimensional AdS spacetime contain- 
ing the bulk cosmological constant A5 only [7J. Each of the 3-branes is Z2 symmetric. The 3-brane 
located at y = hypersurface has positive tension Vp; while the other brane situated at y = m (where 
r is the stable value of the modulus) is characterised by a negative brane tension Vms commonly called 
the visible brane where our Universe is located. The most general metric is taken by incorporating a 
radion field which is a function of both spacetime co-ordinates and extra dimensional co-ordinate 

ym- 

Metric Ansatz : 

ds'^ = e2<^(^'^')(iy2 + q^^[y,x)dx>'dx'' (1) 
The proper distance between the two branes within the fixed interval y = to y = rvr is given by: 

do{x) = / dye*(^'^) (2) 







The effective Einstein's equations on a 3-brane is given by Gauss-Codacci equations as follows : 

^'^G^; = + KK^ - K^K'^ + U^^ [k^ - K^K^) - Ej^ (3) 

and 

- D^K = (4) 

where i^^ is the covariant derivative with respect to the induced metric q^u on a brane and / is the bulk 

/ 

curvature radius which is related to five dimensional bulk cosmological constant A5 as ^ = 
Kfj^i^ is the extrinsic curvature on y = constant hypersurface and is given by, 



K^i, = V^ny+ n^Dy4> (5) 

where n = e~'^dy and Ej^ is the projected part of the five dimensional Weyl tensor. In a single 
brane system, Ej^ gets contribution from Kaluza-Klein modes whose contribution in the low energy 
effective theory can be neglected p]. However, in the presence of two branes Ej^ does not vanish 
in the low energy limit due to the existence of radion fields . Therefore the evolution equations 
of five dimensional projected Weyl tensor and extrinsic curvature have to be solved in the bulk for 
determining the effective Einstein's equations. Now the junction conditions on the 3-branes are as 
follows : 

[Kj^ - 6i:K]y^, = -y i-V,i + Tf ,) (6) 
[Kli - 6i^K]^=r. = y i-Vv^s 6ii + T,^ .) (7) 
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where ^ and T2 v are respective energy momentum tensors on positive and negative tension branes. 
In order to derive the low energy effective theory, a perturbative scheme is adopted in which the 
dimensionless perturbation parameter is e = (j;)^ such that L » I, where L is the brane curvature 
scale. In order to determine K^} and Ej^ in the bulk, these are expanded as, 

Kj^ = (0)^/; + (i)k^ + .... (8) 

and 

Ej^ = (^)Ei^ + .... (9) 

At the zero-th order we have = OElll]. There is only one evolution equation corresponding 

to ^^^Kl} whose solution, satisfying the Coddacci equation, is given by. 



(10) 



The junction conditions at the zero-th order are given by : 



and 



y=r7v 



fill 



(12) 



implying that the relation between bulk curvature radius / and brane tensions is similar to the fine- 
tuning condition of the RS model [3] and is given by : 



1 9 



pi 



1 2 
b 



(13) 



In this perturbative approach, at the zero-th order, the effect of bulk curvature and the brane tensions 
on the 3-branes exactly counterbalance one another and as a result we have : (^^G^; = 0. This is the 
static RS model [3J which considers both static and flat 3-branes. So the curvature of four dimensional 
spacetime can emerge only from higher order corrections to K^^ and Ej^. 

Now at the first order we have two evolution equations, one for ^^'^E^ and the other for ^^"^Klf which 
is solved using the solution of evolution equation of ^^^i?^. The corresponding junction conditions at 
the first order now become : 



and 



y=o 



K 



rpfl 

u 



y=riT 2 

while the Gauss equation at the first order on the visible brane is given by : 

^2 



I 



T 



J^2 f 



(14) 
(15) 

«i?^;(yo,x) (16) 



where yo = Now using the bulk solution of ^^^Kj^ which contains ^^^E^ and eqn. (|14p . we can 
rewrite eqn. (fT5]l from which ^^^E^} can be explicitly determined on the visible brane. Substituting 
^^^E^ in eqn. (|16|) . the Einstein's equation on visible brane is found to be : 



I ^ 



(J) u . 



(17) 



(j(£) 
$2 



.5^(D$)' 
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where, 

$ = g2doWA _ I ^($) = (18) 

\ ) 2 1+$ ^ ^ 

So $ is a function of the brane co-ordinates x. From RHS of eqn. ()17p we note that an effective brane 
matter on a 3-brane can originate from : 

• Exphcit matter distribution on the brane through T/* jy, where i = 1,2. Even a matter distribu- 
tion on the hidden brane i.e. T(' ^ can induce a non-zero matter distribution on the visible brane 
via the bulk curvature. 

and/or 

• A time dependent modulus field e^''^*^*-* can serve as an induced non-vanishing energy momentum 
tensor on the visible brane even in the absence of any explicit brane matter on either of the 
3-branes. 

Whether the above two scenarios may result in generating an effective cosmological constant on the 
visible 3-brane will be explored in the following sections. 



3 The generalized Randall Sundrum braneworld scenario 

We now briefly review a previous work by one of the authors which deals with non-flat brane scenario 
with constant radion field [1]. We shall subsequently follow this analysis as well as the analysis given 
in [7] to explore the possible origin of brane cosmological constant in an expanding Universe. We 
now consider a situation in which the inter-brane distance is constant. We know that in the Randall 
Sundrum model (RS) [3] the induced cosmological constant on both the 3-branes identically vanishes 
to zero and therefore to any four dimensional observer these branes appear flat as well as static. 
We can however construct a more generalized scenario [3] with a general warp factor that brings in 
curvature on both the branes and at the same time resolves the gauge hierarchy problem without 
introducing any unnatural fine tuning. Since the radion field is constant, therefore metric in eqn.([T]) 
suggests (l){y, x) = and in this case the metric is taken to be, 

ds^ = e-^^^y'^g^^dx^'dx'' + dy^ (19) 

The induced metric q^u{x,y) in the previous section is now taken as : e~'^^^y^ g^^{x). The action is : 

S = [ d^xy/^{M^lZ - As) + / d^xV^Vj (20) 



where A5 is AdS five dimensional bulk cosmological constant, TZ is the five dimensional Ricci scalar 
and g^n is the effective four dimensional metric. The two 3-branes only contain the brane tensions Vj 
(where i = vis, pi) and therefore the energy-momentum tensors : Tf^ p = T2 v = 0. Now by varying 
the action the corresponding bulk Einstein's equations are as follows : 



and 



-2A 



2^3 ..u.^ >21) 



le^^Wi? + 6^'^ = -^ (22) 



with the boundary conditions : 



A'{y) = j^V, epi = -6„, = 1 (23) 
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where ' represents derivative with respect to y. Dividing both sides of eqn. ()2ip by g^u and after 
rearranging terms we get, 

= -ng^, (24) 



So eqn. ()24p gives the effective four dimensional Einstein's equation on the Planck brane which is a 
y = hypersurface embedded in five dimensional AdS bulk. This equation being a function of x^^ 
alone, is defined on the Planck brane with metric g^v{x). The arbitrary proportionality constant $7 
therefore behaves as a induced cosmological constant on the Planck brane. Symbolically, we can write, 

(4)^(pO 

= -^vi (25) 

9nV 



where 



2M3 



(26) 



calculated at y = 0. 

The induced metric on the visible brane However the Einstein's tensor is 

invariant under the multiplicative factor e~'^^^'^^ therefore, 

(^)G(fj) = WG(r-) (27) 

Now using eqn. (f25]) and eqn. (f27|) . the Einstein's equation of visible brane located at y = rvr 

orbifold fixed point is related to visible brane cosmological constant as : 

(4)^(ms) 

—X^^ryj = -^pi^^ " = -^vis (28) 

which in turn implies that the induced cosmological constants of our Universe and that of the Planck 
brane are interrelated in the following way : 

^vis — ^ ^ ^ ^pl (29) 

Till this part of our analysis, the origin of induced cosmological constant on both the 3-branes is 
unknown. We shall however explore the possible origin of induced brane cosmological constant in the 
upcoming sections. Now using Einstein's equations one can write : 



= + 2n,ie'^ (30) 



3A" = Qpie"^^ (31) 

Solution of Eqn. pop yields a warp factor which is different from that of the original RS model. The 
sign of cosmological constant decides whether the visible brane will be de-Sitter or Anti de-Sitter. 

Case-1 : u'^ is negative 

We define a dimensionless quantity on the Planck brane co^i = —^pi/3k'^ > in the background of 
AdS bulk (A5 < 0). On solving eqn. fpOj) the warp factor becomes, 

e"^ = ojpi cosh (^In^ + k\y\^ (32) 



where ^ ~ \J ]^2_/Vf3 ' "^^^ constant of integration ci = 1 + ^1 — uj'^i is fixed by normalising the 
warp factor to unity at the orbifold point y = 0. The RS result of ^ = k\y\ is obtained in the limit 
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ujpi — > 0. It is to be noted that Q.pi — > implies ^vis — > from eqn. (|29p . Using the boundary 
conditions the brane tensions on both the branes can be determined [4]. Now ah mass scales on the 
visible brane get exponentially warped. If we define g,-^^''"^) = m/niQ = 10""^^ and w^jg = 10""^^^ 
(say), in anti de-Sitter spacetime, the gauge hierarchy problem is resolved for two different values of 
modulus namely kri ~ 36.84 + 10^^^ and kr2 = 79.60 instead of one as in the RS case. 
Case-2 : is positive 

Present cosmological observations suggest that our Universe is endowed with a positive cosmological 
constant i.e. has a de-Sitter character. We therefore focus into Case-2 more critically. By solving 
eqn. ifSO]) . the warp factor is, 

-A 



sinh 



In — k\y\ 



(33) 



where 



^pi/3k'^ with C2 = 1 + ^l + cOpj^. However the induced cosmological constant on the 
Planck brane (ujpi) can be taken to be much smaller compared to 1, so that C2 ~ 2. For m/mo = 10~", 
eqn. (j33]) now becomes, 

in~" r I 1 



-kriT 



1 + 



1 + ^2^102" 



A positive induced cosmological constant on the visible brane (f^^jg = Wp^lO^") does not have any 
upper bound and therefore can be of arbitrary magnitude. However, using the present estimated 
value of Lo'^^g ~ 10~^24 g^j-^^j n = 16 we find km = 36.84 which is quite close to RS value. Therefore 
the hierarchy problem is also solved for small positive brane cosmological constant. Using eqn. ()23p 
the brane tensions on both the branes are given by : 



-12M'^A; 



Co - CO?,, 



Vpi 



l2M-^k 



^2 



pi 



pi. 



(35) 



where on the visible brane : cjH 



^2kr-K, ,2 



3A:2 



ujpi . But we have seen from the previous section that 



the contribution to non-zero value of induced cosmological constant oj^^g on the visible brane comes 
from the first order correction to the extrinsic curvature and projected Weyl tensor. Therefore in the 
zero-th order i,e. in the absence of any matter on the visible brane the RS fine-tuning condition is 
exactly valid. As a result in this order ujI^^ = and from eqn. ([35]) one finds that Vvis = — 12M^A; 
and Vpi = l2M^k. These lead to the original fiat brane RS model. However in order to explore 



the origin of cosmological constant on our Universe (i,e. 



/ ) which is located at the y 



r-K 



3-brane, we assume that the Universe is described by FRW metric embedded in five dimensional AdS 
bulk spacetime containing the bulk cosmological constant A5. The inter-brane separation, known as 
the radion field may be constant, time dependent or y-dependent. We examine each case separately 
to explore the possibility of obtaining a non-vanishing a;2 on the visible 3-brane. 



4 Warped cosmological metric in constant radion field 

We first consider a constant modulus scenario where the 3-branes are endowed with matter densities 
Pvis , Ppi and brane pressures pms ■, Ppi ■ We look for a FRW solution on a visible brane with appropriate 
warp factor. 

Metric ansatz : 

ds'^ = e-2^(^) [-dt^ + v\t)6ijdx'dx^] + dy^ (36) 

It is to be noted that for (/> = (i.e. for a constant radion field) and q^v{x,y) = e~2^(?^)^^j^(x) where 
9fiuix) is a FRW metric with a fiat spatial curvature. The metric given in eqn.([TJ reduces to that in 
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eqn. (j36p . The location of the two 3-branes are y = 0,r7r. Since the radion field is constant therefore 
the proper distance along the y direction between the interval y = to y = rvr is given by: 











dy 



(37) 



The five dimensional bulk-brane action is : 
S = J d''xV^{M^lZ-K^) + J d^i^^iiCi - Vpi)6{y) + ^/=^(/:2 - V.i.) 5(y - vr)] (38) 

where £i, £2 and Vpi , Vvis are Lagrangian densities and the constant brane tensions on the Planck 
and the visible brane respectively. 

Notations : 

Non-compact brane co-ordinates : where ^ = 0, f,2,3. 
Bulk co-ordinates: M, N run over M, N = 0, 1, 2, 3, y. 

By varying the action, the five dimensional Einstein's equations can be written as : 



-GGmn 



A. 



2M3 



gMN + 



1 



2M3 



Ti fj.S{y)y/-gpi + T2 f^S{y - TT)y/-gvis Q^v^m^n (39) 



where g^u is the four-dimensional effective metric on the Planck brane. The energy momentum tensors 
derived from the Lagrangian densities and brane tensions on the two 3-branes placed at the edges of 
the bulk are given by : 

On the Planck brane (y = 0) : 



diag{-ppi - Vpi ,Ppi - Vpi ,Ppi - Vpi ,Ppi - Vp/, 0) 
On the visible brane (y = vr) : 

T2 fi — dia,g(y Pvis iPvis "^vis iPvis '^vis iPvis "^visi 0) 



(40) 



(41) 



On substituting eqn. (|36p in eqn. (|39p we obtain the Einstein's equations for the above metric. Now 
considering the bulk part only, we have : 



tt component : 



ii component : 



3!L + e-2^fe) f 3A" 



6A 



12 



A. 



2M3 



(-l)e- 



-2A(y) 



(42) 



A 



2M3 



5 g-2A(y) 



(43) 



yy component : 



6 - 3 e^^ ^ 



A, 



i;2 2M3 ^^^^ 

where dot represents derivative with respect to time. With a little rearrangement of terms in tt and 
ii components we can write. 



(4)^ 



giiv 



_ g-2A{y) 



^5 + 3^// _ 



2M3 



-17 



(45) 
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The left hand side is the function of time while right hand side is function of y alone for every 
component of g^y. This separation of variables enables us to write the effective Einstein equation on 
a 3-brane as : 

(4) (7 

— ^ = (46) 

Once again, this is the effective Einstein's equation on the Planck brane whose induced metric is g^^'^ 
Therefore the above equation may be written as, 

(4)G(fO 



-%i (47) 



such that 



^5 + 3^// _ 



(48) 



2M3 

calculated at y = 0. 

Here VLpi is a separation constant and is interpreted as induced cosmological constant on the Planck 
brane on which the warp factor is equal to unity. Since all length scales are exponentially warped on 
the visible brane, therefore the effective metric on the visible brane located at y = rvr hypersurface 
is : g^"*^ = e"^'^^'^) g'^^'!) . From the fact that Einstein's tensor remains invariant under a constant 
multiplicative factor, on our Universe, using Eqn. ([47l) . we have, 



(4)^(«s) 

~; 0^ ~ ^pi 6 ~ ^vis (49) 



which implies 

^vis = e'^^"^ %i (50) 

Now in order to determine we must find the warp factor on the visible brane which will be 
determined very shortly. But before that let us first find the solution of the scale factor. 
From tt and ii components, we have. 



■ 2 

V V 



y2 



+ - = (51) 



On solving we get, 



v{t) = e^«* (52) 

where Hq is an integration constant. It is to be noted that Hq is not the Hubble parameter of the 
effective theory which will be determined later. Now using eqn. (j42p . eqn. (l43p . eqn. (l47p and the scale 
factor solution given by eqn. ([52]) we get, 

%i = (53) 



which indicates a de-Sitter spacetime. When Hq — > 0, eqn. (j53|) shows that the induced cosmological 
constants on both the branes vanish leading to a static and flat Universe. Now substituting eqn. (j52p 
in eqn. ([illl . the yy component becomes, 

A'2 = P +a;2^Pe2A (54^ 



where k = \j ^2^'^ ^'^'^ '^P' ~ ^ dimensionless quantity. Similarly one can also define uj^ig on 

the visible brane such that : a;,„„ = — — = = — —. Now on solving eqn. (1541) . the solution of the 

warp factor consistent with Z2 symmetry is given by : 



e'^^y'^ = Upl sinh 



-k \y\ + In 

^pl 



(55) 
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where C2 is the integration constant. We normahze the warp factor on the Planck brane, such that 
g-^(y=o) = ]^ SQ that eqn. (l55p can be written as, 



ujpi sinh 



In 



C2 



After a httle rearrangement of terms we finally get : 

C2 



1 + Jl+ 



(56) 



(57) 



Taking the value of uj^i much less compared to 1, C2 ~ 2. 

Now substituting eqn. (|52p and eqn. (j55p with C2 = 2 in eqn. (|36p . the resulting 5D metric becomes : 



ds^ = uj^i sinh^ 



-k \y\ + In ■ 



dt^ + e'^^''^5ijdx' dxA + dy 



(58) 



The above metric describes exponential expansion in the spatial three dimensions. In the static limit, 
Upi — > and uJms — > that imply Hq also becomes zero. Eqn. (j58p now corresponds to the static RS 
metric [3]. Since the radion is independent of spacetime as well as extra-dimensional co-ordinates, all 
terms involving covariant derivatives in eqn. (jl7p vanish. Therefore the effective Einstein's equations on 
the visible brane are only related to energy momentum tensors of the two 3-branes and bulk curvature 
radius I: 

(1 + $)2 



1 



(59) 



where ^ = (e^^'^/^ — 1), is related to the five dimensional gravitational constant. Now from 
eqn. (j49p and eqn. (l59p the visible brane cosmological constant is : 



^l(^e2rn/l _ 1) 



(60) 



So the existence of induced cosmological constant on the visible brane is directly related to the presence 
of matter density and pressure of both the 3-branes. The effects of extra dimension on the induced 

brane cosmological constant however shows up through the multiplicative factor 2r7r/z yj' 

thermore it is interesting to find that even if the visible brane matter T2 = 0, there can be a net 
cosmological constant in the Universe solely due to the matter content of the hidden brane. We now 
determine the effective Hubble parameter of our Universe. 



4.1 Effective Hubble parameter on the visible brane : 



Now, we determine the Hubble parameter on the 4D world following the method adopted in [lOj. The 
induced metric of the four dimensional spacetime is : 



ds 



(4) 



-dP + e^^^y^'6ii dx' di^ 



(61) 



Here, the effective Hubble parameter is determined on orbifold fixed points i.e. at y = 0, rvr. In order 
to get the induced metric from 5D metric, we define following co-ordinate transformations : 



dt = ojpi sinh 



-k \y\ + In ■ 



and 



dx' 



OJpi sinh 



-k \y\ + In 



2 " 



dt 



dx' 



(62) 



(63) 
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Now for a fixed y (on a 3-brane) integrating eqn. (j62p results into 



ujpl sinh 



-k \y\ + In ■ 



(64) 



On comparing the 5D metric and 4D effective metric given by eqn. (|58p and eqn. (|6ip we obtain, 

2 



LOpi sinh^ 



-k \y\ + In ■ 



e^^"' 6ij dx' dx^ = ^^^^'Sij dx' dx^ 



(65) 



Once again, if we determine the Hubble parameter on a 3-brane by comparing the terms in the 
exponential, H should be a function of y because t depends on t through y. Therefore the effective 
4D Hubble parameter on a 3-brane for a given value of y is given by : 



H{y) = — - cosech 



-k \y\ + In ■ 



On the visible brane (y = rir) : 



Ho 






UJpi sinh 


— krir + In 





(66) 



(67) 



Since Upi = and oj^ 
k 



^pi 



gA(7r)^ therefore the effective visible brane Hubble parameter becomes. 



if,, 



k cosech 



-km + In 

^pl 



^visk 



(68) 



The above equation suggests that H^s — ^vis (in Planckian unit). This result is consistent with the 
present result relating the Hubble parameter and cosmological constant of the Universe. Thus when 
the brane separation is constant, present evolution of the Universe is indeed governed by constant 
vacuum energy densities on the 3-branes. As expected, a vanishing implies a static as well as 
flat Universe, devoid of any matter. Such a Universe does not undergo exponential expansion but is 
described by static RS model where both the branes are flat possessing brane tensions only [3]. 
Energy-momentum tensor on 3-branes : 

Visible brane: ^ = diag{-pms,Pvis,Pvis,Pvis) 
Hidden brane: T'^ y = diag{-ppi,ppi,ppi,ppi) 

Substituting the components oiTi^^ y (where i = 1,2) in eqn. ([60]) . the visible brane induced cosmo- 
logical constant is : 

(69) 



[e'^'^'^Ppi + Pvis] + 



^{e^'^"ppl+Pv^s 



4/(e2W; - 1) 

In case of vacuum energy dominated Universe, the energy density and pressure are related as : 

Pvis — Pvis C^O) 



Similarly, if the same equation of state is valid on Planck brane, then from eqn. (j69p the induced 
cosmological constant on the visible brane becomes : 



/(e2W - 1) 



e^'^/'ppl + Pv^s 



(71) 
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From the above equation we find that the induced ^vis is constant only when the visible brane contains 
matter in the form of constant vacuum energy density. Most importantly the non-zero value of brane 
matter as well as the bulk cosmological constant (l/l) are essential to inject an effective cosmological 
constant on the visible brane. Thus in a braneworld consisting of two 3-branes one cannot generate 
an effective i^ms in the 4D spacetime only out of the intrinsic brane tensions and bulk cosmological 
constant without any brane matter when modulus field is independent of spacetime co-ordinates. If 
we further focus on eqn. ()7ip . we discover that an absence of matter in the visible brane i,e. pms = 
does not necessarily imply a vanishing 4D cosmological constant as long as ppi ^ 0. This can be seen 
from eqn. (f7T]l by putting p^is = 0, 

Q _ irw/l (70\ 

~ /(e^^'"/' - 1) 

So from eqn. ()72p . we can infer that the Planck brane matter ppi mediates an effective cosmological 
constant on the visible brane due to the curvature in bulk spacetime and therefore the vacuum energy 
density of the Planck brane and five dimensional bulk cosmological constant A5 may be the possible 
origins of an effective cosmological constant on our Universe (i,e. the visible brane) which can result 
into an exponentially expanding Universe. 



5 Extra dimension dependent radion field 

Let us now assume that the inter-brane distance depends only on the extra dimension y i.e. (p in 
eqn.([T]) is a function of y only. This modifies the proper distance between the two branes as defined 
in eqn.([2]). we explore the possibility of having an effective cosmological constant on our Universe ( 
visible 3-brane ) placed at y = rvr. In such a scenario, we consider the metric, Metric ansatz : 



(73) 



The proper distance along the y co-ordinate between the orbifold fixed points 7/ = to y = rvr is now 
given by: 

do = / dye^^y'^ (74) 
Jo 

Substituting eqn. ([73]) in eqn. ([39|) . Einstein's equations in the bulk are : 
tt component : 



S^L + e-^^e-^'f' (SA" - 6A'^ - 3^^' 



A. 



2M3 



(-l)e- 



-2A 



ii component : 



yy component 



(75) 



(76) 



V V 

— + - 

V 



A 



2M3 



From tt and ii components, the solution of the scale factor is found to be : 

v{t) = e^«* 



(77) 



(78) 
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where Hq is a constant. Dividing eqn. (j75|) by gu, eqn.([76|) by gu and using the solution of the scale 
factor, we obtain the effective Einstein's equation on the Planck brane as, 



-A, 



2M3 



-6A 



12 



(79) 



However, the induced cosmological constant on the visible brane is related to the Planck brane as 
^vis = ^pi e'^^^'^^ . Since the covariant derivatives are evaluated on y = rvr hypersurface therefore 
using eqn. (jl7|) the effective cosmological constant on the visible brane is : 



4/(g2do// _ 1) 



J- I uOn -|- ^2 l^^p. 



(80) 



where is constant. Therefore (fTHI) and ([80|) once again suggest that even a y-dependent radion field 
cannot produce an exponential expansion along spatial three dimensions unless a constant energy den- 
sity is given explicitly on 3-branes. The bulk effect however appears through the bulk curvature radius 
/. It may be further noted that even when visible brane matter T2 u = 0, the Planck brane matter 
and A5 together can induce visible brane cosmological constant Q-ms that triggers an exponentially 
expanding Universe. However differs from (j60p in terms of proper length as defined in eqn. (j74p . 



6 Radion driven acceleration without brane matter - 
time dependent radion field 

So far we were studying an exponentially expanding model in the presence of brane (visible and/or 
hidden) matter leading to an effective Vtvis on the visible brane modulated by bulk effects. In this 
section we show that if the radion field is time dependent then there can be an effective acceleration 
of the Universe even in the absence of any explicit brane matter. In this case the dynamics of the 
radion field produces the effective acceleration of 3-brane scale factor. For this we recall the original 
RS model with a time dependent radion field and look for a possible cosmological solution in the effec- 
tive 4D theory. Following |llj we assume that in presence of a time- varying field the metric has a form: 



ds^ = e-2^^WI^I 



dt^ + v\t)5ijdx'dx^ + h\t)dy^ (81) 



where h{t) = e'^'^^^^ . In this case the proper distance between the interval y = to y = rvr is given by 



do{t) = I e^^^'Uy = r7re2<^W (82) 
Jo 

Such a metric is considered in pTj where the warp factor is : e"'^'''-*^'^! , b{t) is the radion field. In 
the static limit, when the inter-brane separation is a constant, this warp factor reduces to that of 
the warp factor of RS metric [3] where both the 3-branes are fiat and static. However it is to be 
noted that in general this warp factor does not lead to Einstein's equations separable solely in terms 
of t and y variables. In order to study the time evolution of our Universe located on the visible 
brane, we therefore consider the effective 4D metric in the an appropriate choice of co-ordinates as : 
'^^^4) = — dt^ + v'^{t) 5ij dx'^dx^ , where v{t) = v{t,7r). 

With the above effective metric, the components of effective Einstein's equations on the visible brane 
together with eqn. lfTTl) become : 
tt component : 
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ii component : 



(4)^i 




l^e^do/l _ 1) 



+ 



2g2c(o/« 



3i, \ e^'^oA 



where do(t) is given by eqn.(|82p and the spatial component of the covariant derivative Z)j(e^'^°^*^/'- 
on the visible brane. Now subtracting eqn. ()84p from eqn. (j83p . we get, 



V 
V 



d 



g2do/« 



3 - do + do + 



2P (e^do/i _Y 



(84) 
■1) = 



(85) 



where H{t) 



v{t) 



is the Hubble parameter of the Universe located on the visible brane. Eqn. (|85 



reveals that a time dependent modulus field can itself produce dynamical evolution of the Universe 
even in the absence of matter on the 3-branes i,e. when Ti^^ y =T2^ y = 0. The signature of bulk in 
the evolution is evident from the presence of bulk curvature radius I. Now in case of a constant radion 
field when all terms involving do, do drop out, from eqn. (j85p we retrieve the exponential solution of 
the scale factor v{t) on the visible brane as obtained earlier when both the 3-brane energy-momentum 
tensors are described by vacuum energy densities for which the equation of state is pi = —pi where 
i = 1,2. 

Let us now assume a slowly time varying radion field. Then in absence of any brane matter i.e. 
Ti>^ y = u = 0, eqn. ([85]) in the leading order of do becomes : 



V 
V 



d 
It 



H{t) 



3 e^'^o/' do 
/(e2rfo// _ 1) 



H{t) 



which implies 



After integration we get, 



— In H(t) = — 
dt ^ ' dt 



- In(e2'^«/' 
2 ^ 



1) 



(86) 



(87) 



Hit) 



J2do{t)/l 



1)3/2 



Since H{t) > 0, therefore an accelerating phase of our Universe is obtained from a slowly time- 
varying modulus field. Thus a time-varying radion field indeed leads to an accelerating phase of 
visible 3-brane even when the energy momentum tensors vanish on both the branes. In the presence 
of appropriate modulus potential, such a scenario can be envisioned as the tunnelling of the modulus 
from a metastable vacuum state to a stable vacuum state leading to an accelerating phase of the 
Universe located on the 3-brane. 



7 Conclusion 

In the background of the work by Shiromizu et.al [7j and generalised Randall Sundram braneworld 
scenario [4J, our focus in the present work is to study the role of brane energy momentum tensors 
Ti'^ y, the bulk curvature and the modulus field in inducing an effective four dimensional cosmological 
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constant on the visible 3-brane embedded in a five dimensional AdS (A5 < 0) bulk. We have considered 
three different cases to study the dynamical evolution of our Universe. Our results can be summarised 
as follows : 

1. Constant modulus field 

• In this case an effective cosmological constant appears on the visible 3-brane due to the 
combined effects of the bulk curvature and brane matters in either of the two 3-branes. On 
solving Einstein's equations, we obtain an exponential solution of the scale factor v{t) = e^°* 
and ilvis = 3-ffo e^"^*-'^^ which indicates four dimensional de-Sitter spacetime. In the static 
limit Hq — 7- and therefore i^vis — > 0. This leads to static RS model with flat and static 
visible 3-brane [3]. The same argument applies for hidden brane also. 

• The nature of the warp factor is determined. It is found that the sine hyperbolic solution 
of the warp factor depends on il.pi, modulus length and bulk cosmological constant. The in- 
duced on the visible brane is further related to energy momentum tensors (see eqn. (|60p ) 
of both the 3-branes. Therefore, absence of matter on both the 3-branes corresponds to zero 
value of effective 4D cosmological constant and hence reproduces RS warp factor [3] which 
signifies a static and flat visible 3-brane. 

• On the visible brane, from eqn. (17ip it is seen that the effective brane cosmological constant 
ilms depends on energy momentum tensors of both the 3-branes through constant pms 
and ppi. The effects of bulk curvature and the proper length given by do = rvr on Q^s 

appear through the factor 2r-K/l Therefore in order to generate a non-zero ^ms^ 

the contribution of non-zero Ti ^ y (where z — 1,2) as well as bulk cosmological constant A5 
are essential which can be seen from eqn. (j71|) . 

• Furthermore eqn. (|72p suggests that one can have a scenario where Vl^is 7^ 0, even if our 
Universe is devoid of any matter i,e. when p^is = but p^i 7^ 0. Thus the exponential 
expansion of our Universe may be due to the presence of bulk cosmological constant and 
Planck brane energy density ppi. 

• We have determined the Hubble parameter of the Universe for a constant radion held. From 
eqn. (f68]l . Rvis is found to depend on bulk cosmological constant A5, and constant brane 
separation distance r. This implies that even if there is no matter on the visible brane, one 
can still obtain a non-zero Hubble parameter on the Universe with ppi 7^ as Q^vis 7^ 0. The 
value of Hubble parameter of our Universe from eqn. (j68p is found to be proportional to ujms 
of the visible brane which matches very well with the present cosmological results. 

2. Extra dimensional co-ordinate dependent modulus field 

• In case the modulus field is y dependent, the expression of proper length changes as shown 
in (j74p . In this situation, we can generate a four dimensional effective cosmological constant 
on the visible brane and hence in our Universe. This results into the scale factor which 
varies exponentially with time as given by eqn. (j78p . Such a scale factor indicates exponen- 
tial expansion of the Universe in the presence of extra dimensional co-ordinate dependent 
modulus field which guarantees four dimensional de Sitter spacetime. 

• However, such a radion field cannot produce a dynamical evolution by itself unless there 
are non-zero contributions from energy momentum tensors on the 3-branes and bulk cosmo- 
logical constant A5. It may further be noted that, just as in the previous case, an effective 
4D cosmological constant appears on the visible brane due to a non-vanishing Planck brane 
matter even if the visible brane matter T^^ v = (see ()80p ). 

3. Time- varying modulus field 

• An effective energy-momentum density is induced on our Universe in a situation when the 
inter-brane separation varies with time. 
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• The dynamical evolution of the Universe is now possible in the absence of any matter on 
the 3-branes i,e. when Ti ^ ^ = T2 ^ = 0. Actually this time dependent modulus field and 
bulk cosmological constant together trigger the time evolution of the Universe leading to a 
non-zero Hubble parameter. 

• In case of a slowly time varying radion field, the Hubble parameter on our Universe has 
been determined in (I88p purely in terms of time varying proper length do^t) (defined in (I82p ) 
modulated by bulk curvature I. The fact that H{t) > further suggests an accelerating 
nature of the Universe driven solely by time dependent radion field. 

• Furthermore our result reveals that a solely cosmological constant driven expansion is pos- 
sible only when either of the brane energy-momentum tensors is non-zero and the radion 
field is time independent i.e. a time dependent radion field can not give rise to a constant 
3-brane vacuum energy. This can be easily seen from eqn. (l85p . 
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